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Matrices

Chapter 1 Introduction

Matrices

A matrix is a rectangular array of information (numbers or letters) arranged in rows and
columns. In matrix the numbers or letters enclosed in brackets are called elements, and
the brackets either curved or squared. Matrices are named by using capital letters.
Elements of a matrix is separated by space, we are not using comma to separate the
elements.

Matrix order.

The order of a matrix is the number of rows and the number columns it has. Suppose
the matrix has the rows ‘m’ and the columns ‘n’, the matrix is said to be m x n, and we
read as “m by n matrix”. Always the number of rows comes first followed by the number
of columns

Types of Matrix

A row matrix has only one row of elements
(1) 1 x 1 matrix

(1 —2) 1 x 2 matrix

(1 —2 3)1x3matrix

A column matrix has only column of elements

(4) its order is 1 x 1 matrix

(é) its order is 2 x 1 matrix

2
(4) its order is 3 x 1 matrix
3
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Matrices

A square matrix has equal number of or rows and columns, whose order is of the form,
m x m.

(6) its order is 1 x 1 matrix

(3 —4

1 7 ) its order is 2 x 2 matrix

1 -2 3
(0 2 —1) its order is 3 x 3 matrix
—4 5 2

Equal matrix the matrix of the same number of rows and the number of columns and
their corresponding elements are also equal

Example: 1
3 —4\_ (3 —4
(1 7)_(1 7)
A Null or Zero matrix is the matrix that has all elements equal to zero

(o o

2

Addition of Matrices

Matrices are added if they are of the same order by adding the corresponding elements
_(a b
M= (c d)

-

Add A and B
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Matrices

M+N= (¢ Z)+<; Z)

_<a+e b+f)
“\c+g d+h

Subtraction of Matrices

Matrices are subtracted if they are of the same order by subtraction of the
corresponding elements

M= (2 o)

S

Subtract A and B
_(a b e f
M+N= (c d) i (g h)

=022 o2

Multiplication of Matrices

Multiplication of a matrix by a scalar
Example: 2

ita=( Z

A= (Gt )

), find 4A

=(¢ 4a)

Multiplication of a matrix by a matrix, this is possible only when the number of columns
is equal to the number of rows of the second matrix.
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Example: 3
_f(a b
A= (c d)
e
B= (f)
Since the number of columns of the first matrix = 2
And

The number of rows of the second matrix is 2,

Then multiplication AxB is possible,

Therefore AxB = (‘Cl Z) (]ec) = (Ccljccz :ll__ Zi}{)

It is not possible to multiply BxA, since the number of columns of the first matrix is not
equal to the number of rows of the second matrix

Example: 4

o= ) anac=()

Find BC

o= DO-G21E-C10-()

Identity Matrix

Identity matrix is the square matrix whose elements in the leading diagonal are 1 and all
other elements are zero and sometime is called unit matrix

Any matrix multiply by identity matrix is the same as the identity matrix multiply by the
same matrix,
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The singular matrix

The singular matrix is a square matrix whose determinant is 0. It is a matrix that does
not have multiplicative inverse.

Example

_ (4 2

A_(z 1)
. _14 2| _ & % — _
DetermlnantofA—|2 1 =4*1-2*2=4-4=0

So if the determinant is 0 that matrix can’t be solved
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Chapter 2 Second Order Matrices

Second Order Matrices

Determinant of the second order matrix

LetA:(‘C" Z)

Find determinant of A,

Det(A) = |A| = a b =ad - bc
c

d
Example: 5
(3 —4
a= )
Find |A|
|A|:|i _24|:3x2—(-4x1):6+4:10

Inverse of the second order matrix

Suppose A = (? db)

Inverse of A = AM-1 = ﬁm(d_; é’) - ﬁ(d_c— Clz)

Example: 6

3 —4)

Find the inverse of matrix A = (1 5

det)\—¢c q 3x2—(-4x)\—=1 3/ 6+4\—1 3 —-1/10 3/10
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Example: 7

Solve 7x + 5y = 4 and 3x + 2y = 7 using matrix method

Solution:
/X+5y=4
3X+2y=7

Write in matrix form

(3 96)=6)

Find inverse

2
(s D D)= D= (50

(X =5/-1\_/=2 5
_< 31 7/- 1>_(3 )

Multiply inverse to both sides

GG D6)=G)06)

Matrix multiply by its inverse is equal to unit matrix,

GG D6)=G")06)

35;6 125 x57 _Si§5++2§cx3 7) (;) - (;2— 5) (;L)

(
(%72 5o )6)=G72)6)
(b "D6)=G"2)6)
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(o "6)
(o "D6)

°7)0)= (a5

( —2x4 + 5x7 ) _ (—8 + 35)

3x4+ 7x—7) " \12-49
(o ")6)=(2 ) =(5)

(10 01) =1
27

Therefore (;C,) = (_37)

Hence the value of x =27 and y = -37

Example: 8

42)

Let the matrix A be given by A = (3 5

(a) Find the inverse A™-1

(b) Find the values of x and y for which A(;) = (g)

Hence solve the equations:
4x + 2y = 16
3x+2y=14

Solution:

(a) Inverse of A
_(4 2
A=(5 2)
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Determinant of A = (4x2 — 3x2) =8-6 = 2

detl(A) (2_3_ j) - %(2_3_ j) - (2—/32/2_ ://22> - (1—3/2_ ;>

Inverse =

- — 1 - 1
Therefore, the inverse of A = (_3/2 2)

(b) Finding the values of x and y
G 2)G) =0

In order to find the values of x and y we need to multiply by the inverse of A to both
sides

1 -1\ 4 2y(x\ _/(1 —1)\ (8
(—3/2 2) (3 2) (y) B (—3/2 2) (7)
Matrix multiplies by its inverse the value is unit matrix (1

1Y
maste (', )5 )= (3 ).

@ D6)=(sr2)()

()= (a2 )0 = (Caar) = (5300 = )

Therefore the values of x and y are 1 and 2 respectively
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Example: 9
Use the inverse matrix to solve the equations:
3Xx+y=28

2x+y=3

Solution:

3Xx+y=28

2x+y=3

Write the equations in matrix form,
3 1\ X\ _ /(8

G )6)=0)

3 1
2 1

Inverse = detl(A) (1_2_ ;) = %(1_2_ 5}) = (1—2_ 31)

The values of x and y,

Determinant of ( ) =(Bx1-2x1)=3-2=1

Multiply both sides by the inverse
(L 3G D6) = 9)E)
Matrix multiplies by its inverse the value is unit matrix (1

0 1)
Therefore (1_2_ ;) (3; 11) = (3 (1))
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But ((1) 2) =

()= )G = o am) = (eso) = ()

Therefore the values of x and y are 5 and -7 respectively

Example: 10

Solve the following simultaneous equations by matrix method:

X+4y =8

X+5y=12

Solution:

Write the equations in matrix form,

(1 ﬁ) (i) - (182)

1 4
1 5

detl(A) (5_1_ f) = %(51_ Li) - (51_ i)

The values of x and y,

Determinant of ( ) =(Ix6-1x4)=5-4=1

Inverse =

Multiply both sides by the inverse

Co DG 96 =G DE)

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
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Matrices

Therefore (El_ LD (} g) = (1 O)
(6 16)=C D)

But ((1) (1)) =1

(;) - (51_ Li) (182) - (gisjllf );2_;1}) - (fg;g) - (_48)
Therefore the values of x and y are -8 and 4 respectively

Example: 11
Solve by matrix method,
3x-5y=1

2x+ 7y =11

Solution:

Write the equations in matrix form,
(3; _75) (;) - (111)

3 =5
2 7

5
detl(A)(ZZ 53):3_11(_72 53):(—72//3311 3/;’311>

The values of x and y,

Determinant of ( ) = (3x7 — 2x-5) = 21 + 10 = 31

Inverse =

Multiply both sides by the inverse
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5 - 5/31
(G 3G D6 =(m 50 @)
Matrix multiplies by its inverse the value is unit matrix (; (1))
7/31 5/31 )(3 — 5) _ (1 0)

Therefore<—2/31 3/31)\2 7 0 1

G D6 =(m 4G

1 0\ _
B“t(o 1)‘1
7 5 7 55 62
(X):<7/31 5/31>(1): sty (gt (=
y —-2/31 3/31)\11 — 21 +311 2.3 31
31 31 31 31 31

Therefore the values of x and y are 2 and 1 respectively

Example: 12
2x + 3y = 340

4x +y =280

Solution:

Write the equations in matrix form,
(: D6)=Geo)

Determinant of (j 3

)= (@x1-4x3)=2-12=-10
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-1 3

_ 1 (1 =3_1/1 =3_[10 10
Inverse_det(A)(—Ll. 2)_—10(_4 2)_ 4 2
10 10

The values of x and y,

Multiply both sides by the inverse

3 3
)G D6 =0 2)Geo)
10 10 10 10

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
-1 3
10 wl|(2 3\y_(1 0
Therefore | ') _; (4 1)_ (0 1)
10 10
-1 3
1 0\/X\ _ |10 10 | (340
(0 1)(y) I (280)
10 10
1 0\ _
But (0 1) =1
103 340x — + 280x — —34 + 28x3
VR GHE 4+ e - (59)
y 4 22 [\280 340x -+ 280x 34x4 — 28x2 | ~ \80
10 10

Therefore the values of x and y are 50 and 80 respectively
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Example: 13
Solve by matrix method,
X+y=3

X—-y=7

Solution:

Write the equations in matrix form,
G -D6)=0)

1 1

Determinant of (1 _1

)= (x1-1x1) =-1-1=-2

verse = (5 T )= T )+

N[R N
!
RN

The values of x and vy,

Multiply both sides by the inverse

NIRN]|R
|I
_
~—
==
|
-
N——
oumny
< R
N—"

NIk N

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
1 1
> 2\l1 1y _ (1 0

Therefore [ (1 _1)— (0 1)
2 2
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1 1
G DG ={i 2)0)
2 2
ou} 9
o [ 2 ~x3 +-x7 163+ 17 247
(Y): g —; (3): %XS+—%x7 = %X3+—%x7 = %_% = -4

Therefore the values of x and y are 5 and -2 respectively

Example: 14

Solve by matrix method,

2z+w=3
3z+w=09
Solution:

Write the equations in matrix form,

G DG =)

Determinant of (g 1) =(2x1-3x1)=2-3=-1

detl(A) (1—3 _21) - -%(1—3 _21) - (3_1 —12)

The values of z and w,

Inverse =

Multiply both sides by the inverse
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796G D6 =G 26
Matrix multiplies by its inverse the value is unit matrix (1

0 1)
Therefore (3_1 _12) (g D = ((1) (1))

() =G D6 =Gae )= ()= (%)

Therefore the values of z and w are 6 and -9 respectively

Example: 15
Solve by matrix method,
3X+2y=4

5x -2y =12

Solution:

Write the equations in matrix form,
(s —22) (;) - (142)

3 2

Determinant of (5 _y

) = (3x-2 - 5x2) = -6-10 = -16
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2 2

_ 1 (=2 =2y_ 1 (-2 -=-2\_|1s 16
nverse = 525 (Ts 3 )=l B)E|E LE
16 16

The values of x and y,

Multiply both sides by the inverse

2 2 2 2
ERE | GO [ Il (R (O
16 16 16 16

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
2 2
Therefore | ¢ v (53 _22): ((1) (1))
16 16
X = =
((1) (1))(y) =|s _% (142)
16 16
() 9=
2 2 2 2 8 24 32
v (= e\ray (X2 (ot () /2
(y) - g _11: (12)_ ii:x4+i—§x12 B é:% ) % _(_1)

Therefore the values of x and y are 2 and -1 respectively
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Example: 16
Solve by matrix method,
X+y=7

3Xx—4y =-13

Solution:

Write the equations in matrix form,

3 D6 =)

Determinant of (3 1) = (3x-4 - 3x1) =-12-3=-15
3 -4
4 1
_ 1 (4 —-1\_1/(-4 -1\_[1s 15
Inverse = det(A)( -3 3 )'—15( -3 3 )' 3 _3
15 15
The values of x and y,
Multiply both sides by the inverse
4 1 4 1
15 15 (3 Iy XY | 15 5 |( 7
R | CORN ) Il U i [P
15 15 15 15

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
4 1
I s \/3 1\ _ /1 0

Therefore 3 3 (3 _4) - (0 1)
15 15
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2 L

((1) (1)) (;C/) - E _115 (—713)
15 15

But ((1) (1)) =1

(X): T (7) Rt AN e AW :(1)
y —-13

3 -3 21 | 39 60
—x7+-—x—13 —+—= —
15 15 16 16 15

Therefore the values of x and y are 1 and 4 respectively

Example: 17
Solve by matrix method,
59-3p=11

q+p=7

Solution:

Write the equations in matrix form,
G D6 =)

5

Determinant of ( | _13) = (5x1 - 1x-3) =5+3=8

1 3
Inverse = detl(A)(il g)zé(il g): 8—_1 58
8 8

The values of g and p,

Multiply both sides by the inverse
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Matrix multiplies by its inverse the value is unit matrix ((1) (1))
1 3
Therefore 8_?1 28 (51 _13): (; (1))
1 0\ 8 : 11
(0 1)(29) =" 58 (7)
8 8

su(} =1

2 2x11 +3x7 =4z =
(») 8-?1 gg (7)= %x11+8§9€7 ) :”+§;5 |2 g

Therefore the values of q and p are 4 and 3 respectively

Example: 18
Solve by matrix method,
/X+5y=4

3X+2y=7

Solution:

Write the equations in matrix form,
3 6)=6)
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7 5
3 2

Inverse = detl(A) (33 - ;) = %1(2_3 - ?) - (3_2 —57)

The values of x and y,

Determinant of ( ) = (7x2 — 3x5) = 14-15=-1

Multiply both sides by the inverse

520G D=6 2)E)

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
-2 5\(7 5\_/1 o0
Therefore (3 _ 7) (3 2) = (0 1)

6) =G D077 (5 10) = (5)

Therefore the values of x and y are 27 and -37 respectively
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Example: 19

Solve by matrix method,

3z-5w =8
z+3w=12
Solution:

Write the equations in matrix form,
G G =)

3 -5
1 3

43 —s\_1(3  5\_(3/14 5/14)

The values of z and w,

Determinant of ( ) = (3x3 — 1x-5) = 9+5=14

Multiply both sides by the inverse
(3/14 5/14)(3 —5)(2) _(3/14 5/14)(8)
-1/14  3/14)\1 3/\w/) T\-1/14  3/14)\12
Matrix multiplies by its inverse the value is unit matrix (1

)
0 1
5 _
meretore (1 7 0) (G =G D)

5
@ D6 =Gt 51 ()
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3 5 24 60 84
(%) :(3/14 5/14>(8): vt v S D v vl B
w -1/14  3/14)\12 _ g+ 3412 _8 .36 -8+36

14 14 14 14 14

Therefore the values of z and w are 6 and 2 respectively

Example: 20
Solve by matrix method,
49-3p =5

79—-6p=5

Solution:

Write the equations in matrix form,

¢ 00

Determinant of (74 _—36) = (4x-6 — 7x-3) =-24 + 21 = -3
6 3
_ 1 (4 —=3\_1/(-6 N_[ -3 =3|_
Inverse = Fe@ (7 - 6) - —_3( —7 4) I A T
-3 -3

The values of g and p,

Multiply both sides by the inverse

_5s 3 _5 3
206G D 7 SR
-3 -3 -3 -3
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Matrix multiplies by its inverse the value is unit matrix ((1) (1))

6 3

Therefore __l—f _i;_3 (74 __36)= ((1) (1))
1 0\(q = S\
(0 1)(19): PR (5)
-3 -3
But((l) (1))=
_5 3 045 + 245 30_15 15
=7 T)@= 7 A E &)= (5)=0)
3 3 -3 -3 3 3

Therefore the values of q and p are 5 and 5 respectively

Example: 21
Solve by matrix method,
3x+2y=14

x—-3y=1

Solution:

Write the equations in matrix form,
ERIORIEY

3 2

5 3) = (3x-3-1x2)=-9-2 = -11

Determinant of (
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-11

detl(A)(l3 —23):—%1(:% _é): -1

-11

Inverse =

-2
-11

-11

Matrices

The values of x and y,

Multiply both sides by the inverse

32 [z
EES (13 —23)(y) =% 3 (114)
11 11 11 11

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
3 2
11 113 2y_(1 O
Therefore 13 (1 _3) = (0 1)
11 11
3 2
1 0\(X\ _[11 11)|(14
(0 1)(3/)' . (1)
11 11
1 0)_
But (0 1) =1
3 2
X _ (11 11| (14
(y) T\ oz (1)
11 11
Zx14 + = x1 Zx14 + = x1 Z+2\ (B L
| 11 11 | 11 11 _ 11 1 )_ (1 :()
L x14+=x1) \ = x14+=x1 =22 \zZ/ M
11 11 11 11 11 11 11

Therefore the values of x and y are 4 and 1 respectively
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Solve by matrix method,

2x -4y =14
X+y=7
Solution:

Write the equations in matrix form,
5 D6 =)

-4

Determinant of (23 1

)= (@x1-3x-4)=2+12 = +14

Inverse =

1 (2 —4\_1/1 4\ _ (14 14
det(4) ( 3 1) 14 (_3 2) | -3 2
The values of x and y,

Multiply both sides by the inverse

A L
526G D6 (s E)G)
14 14 14 14

Matrices

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
1 4
2 14l/2 -4 _/1 0

Therefore -3 2 (3 1) = (0 1)
14 14
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((1) (1)) (;) - é E‘ (174)
14 14
But((l) (1))=1
x 1 4
() =12 2=
14 14

ix14 =+ ix7 il
14 14 2 —
= x14 + 2 x7 z
14 14 2

Matrices

—1 3++21 )

()

Therefore the values of x and y are 3 and -2 respectively

Example: 23
Solve by matrix method,
3x +2y = 20

-5x+ 3y =11

Solution:

Write the equations in matrix form,
(Es 23) (;C/) - @1))

Determinant of (ES 3

2)=(3x3-2x5) =9 +10 =

Inverse = dot )

The values of x

3
(Es 23)=1i9(35 _32)= s
19

andy,

Multiply both sides by the inverse

Page 31

Gemwaga Ndege ~ 0754565136

+19



-2

19 19 | (3
5 3 _5
19 19

Matrix multiplies by its inverse the value is unit matrix (1

Therefore

Matrices

-2

0 =11 7]®

19 19

0 1)
-2

3 (55 23):((1) (1))

19

32
b D6)=(: )G
19 19

1 0\ _
But (0 1) =1
-2 3 -2 60 22 38
y s 3 11 ix20+ix11 ﬂ+§ 133 7
19 19 19 19 19 19 19

Therefore the values of x and y are 2 and 7 respectively

Example: 24

Solve by matrix method,
4s +5r=1

3r—2s=-17

Solution:

Rearrange the equations,

Sr+4s=1
3r—2s=-17
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Write the equations in matrix form,

(5 -2 =)

Determinant of (35 _42) = (5x-2 — 3x4) = -10 -12 = -22
-2 -4 2 4
_ 5 4N_ 1 (=2 =4\ _ [Tz Tz \_|[| 22 22
nverse = sy ) e o)\ B )Rl U
—22 —22 22 22
The values of r and s,
Multiply both sides by the inverse
2 4 2 4
22 22 5 ANy _ [ 22 22 1
35 (3 —2)(5)_ 3 _5 (—17)
22 22 22 22
. - o . : .. (/1 0
Matrix multiplies by its inverse the value is unit matrix (0 1)
2 4
22 22 5 4y _ (1 0
Therefore 3 s (3 _2)—(0 1)
22 22
2 4
1 0\ _ |22 22 1
o DG =1 %))
22 22
1 0\ _
But(0 1)_1
2 4 2 4 2 68 66
O =7 z|(1)- 2t (a2 (23)
S 2 _5\-17 ix1+_—5x—17 B i+§ +§ +4
22 22 22 22 22 22 22
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Therefore the values of r and s are -3 and 4 respectively

Example: 25

Solve by matrix method,

2x +3y = 13
X—=%y=-1
Solution:

Write the equations in matrix form,

G =96)=(%)

Determinant of (72 _35) =(2x-5-7x3)=-10-21 = -31
-5 -3 5 3
— 2 3y_ 1 (=5 =3\ _[=31 “22|_[31 =3
| G e (sl e
-31 -31 31 -31

The values of x and y,

Multiply both sides by the inverse

ER) W [ 2
31 2 (72 —35) (y) - El 2 (i31)
31 -31 31 -31

Matrix multiplies by its inverse the value is unit matrix ((1) (1))
5 3
B 31 2 3y_(1 O

Therefore 7 2 (7 _5) - (0 1)
31 -31
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S =
— O
N—
/N
<L R
N———
Il
2N a

Therefore the values of x and y are 2 and 3 respectively

Example: 26

31

Solve by matrix method,

6p-79=-1

S5p—-4q=12

Solution:

Write the equations in matrix form,

(5 20 =(

6

Determinant of ( 5

1 6
Inverse = ) ( 5

The values of p and q,
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Multiply both sides by the inverse

-4 7
11 11
-5 6
11 11

Matrix multiplies by its inverse the value is unit matrix (; (1))
-t 7
Therefore % 11%1 (65 __47): ((1) (1))
1 0\ (X Ton
-1
(0 1)()’) - % 111 (12)
11 11
ou(} )=
SN [Pt laaz) (L) [
(Z) R (121): Ez_ulil;z B E+5 “\z :(g)
11 11 11 11 11 11 11

Therefore the values of p and q are 8 and 7 respectively

Example: 27

Solve by matrix method,

x/6 +y/3=8
x4 —-yl9=1
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Solution:
XI6+Y/3=8 ., (i)
XIA—yQ=1. ..., (i)

Remove fraction by multiplying (i) by 6 to both sides and (ii) by 36 to both sides,
6*x/6+6*y/3=6*8

X+ 2y =48

and,

36*x/4-36*y/9=36*1

9x — 4y = 36

Now we have the new equations as follows,
X+ 2y =48

9x — 4y = 36

Write the equations in matrix form,

(6 —2)6) =G

Determinant of (1 2) = (1x-4 —9x2) =-4 -18 = -22
9 —4
-4 -2 4 2
_ 1 (1 2y_ 1 (4 —=2\_[-22 -“22|\_[22 22
inverse = 2= (g AR Y 1)F S N el UC R
—22 —22 22 —22

The values of x and vy,

Multiply both sides by the inverse
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A2 1 N x A2 48
2%2 _i; (9 —4)()/): 22122 _i; (36)

Matrix multiplies by its inverse the value is unit matrix (1 0)

0 1

4 2
Therefore 212 i (; _i)z ((1) (1))

22 —22
1 0\(* = 35 48
(0 1)(3/) =5 % (36)

22 —-22
oull 9=
= 2 = x48 + =x36 Z+Z\ (=

Therefore the values of x and y are 12 and 18 respectively
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Example: 28

Solve by matrix method,

m/6 + 2n/3 =6

2n/5-m/10 =2

Solution:

MB+2nN/3=6 ......cccevviiiininnnnn. (1)
2n/5-m/10=2 ... (i)

Remove fraction by multiplying (i) by 6 to both sides and (ii) by 10 to both sides,
6*mM/6+6*2n/3=6*6

m + 4n = 36

and,

10*2n/5-10*m/10=10*2

4dn-m =20

Now we have the new equations as follows,

m + 4n = 36

4n—-m =20

Rearrange the equations to align the variables, all equations to start with m
m + 4n = 36

-m+4n =20

Write the equations in matrix form,
(D6 =G
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Determinant of (il 4) =(1x4-4x-1)=4+4=8

Inverse =

1
detl(A) (i1 i) = %(41 _14) - 21
8

|
oolpmlH

The values of m and n,

Multiply both sides by the inverse

ool»—nvl}_lA
/N

| =
—_
NN
N—
ey
S 3
N—

]

N R

™|
/N
N W
[e>lNe))
N—

1

2
1
8

Matrix multiplies by its inverse the value is unit matrix ((1)

-1

G D=6 D

1
2
1 1
8

Therefore

N | =

@ | =

1

1

1 9 15
- x36 +-x20
8 8

_+_

20 PR

|
COIHNlH

Therefore the values of m and n are 8 and 12 respectively
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Chapter 3 Third Order Matrices

Third Order Matrices

1: Determinant

all al2 al3
A=1|a21 a22 a23

a3l a32 a33

all al2 al3
Determinant A = [a21 a22 a23
a3l a32 a33

_ a22 a23 a2l a23 a2l a22

'a11|a32 a33 6112|a31 a33 +0‘13|a31 a32

= all1(a22a33 — a23a32) —al2(a21a33 — a23a31) + al3(a21a32 — a22a31)

Example:
1 -2 3

Let A={0 2 —1); Find|A]|
—4 5 2

Solution:

1 -2 3
02 -1
-4 5 2

|A|=

-1y Sl-eall Sl
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= 1[(2x2) - (5x-1)] + 2[(0x2) - (-4x-1] + 3[(0x5 —(-4x2)]
= 1(4+5) + 2(0-4) +3(0+8)

—9-8+24

=25

Therefore determinant of matrix A is 25

2: Minor

Minor of any entry is the determinant obtained by deleting the row and column in which
the entry stand.

Example :
all al2 al3
A=|a21 a22 a23
a3l a32 a33

The Minor of a11 = Z;g Z;g
The Minor of ai1z= Zgi Z;g
The Minor of a1z = Zgi Z;%
The Minor of az1 = Z;; Z;g
The Minor of a2z = Z;i Z;g
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The Minor of az3 = Z;} Z;g
The Minor of az1 = Z;g Z;g
The Minor of az2 = Z;} 2;2
The Minor of az3 = Z;i Z;g

3: Cofactor

The cofactor of an entry is defined to be the minor of the entry together with its sign
i.e Cofactor ajj = cjj= {(-)"i+]}Mij

where i = the first number of an element

j = the second number of an element
Example:
1 -2 3
Let A={0 2 -1
-4 5 2

2 —1|

i) Minor of all = |5 2

= 2%2 —(5*-1)
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=4+5

And cofactor of a11 = [(-)*1+1] *9
=[(-1)"*2]%9
=1*%9
=9

ii) Minor of a12= |_O4 _le

= 0*2 - (-4*-1)

And its Cofactor = [(-1)*1+2]* -4
= (-1)* -4
=-1*-4

=4

ey s _ 10 2

iii) Minor of a13 = |_4 5|
= 0*5 - (-4*2)
=0+8

=8

And its Cofactor = [(-1)*1+3]* 8

= (-1)°*8
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iv) Minor of az1 = |_52 §|
=-2%2 -5*3
=-4-15
=-19

And its Cofactor = [(-1)*2+1]*-19
=[(-1)*3]*-19
=-1*-19

=19

v) Minor of azz2 = |_14 ;|
= 1*2 - (-4*3)
=2+12

=14

And its Cofactor = [(-1)"2+2]* 14
= [(1)"4]* 14
=1*14

= 14
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vi) Minor of az3 = |_14 _52|
= 1*5 - (-4*-2)
=5-8
=-3

And its Cofactor = [(-1)"2+3]* -3

= [(1)"5]*-3
=-1%*-3
=3

vii) Minor of az1 = |_22 _31|
=-2%-1 - (2*3)
=2-6
=-4

And its Cofactor = [(-1)*3+1]* -4
= [(1)"4]* -4
=1%*-4
= -4

vii) Minor of as2 = |(1) _31|

=1*1-(0*3)

=-1-0
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And its Cofactor = [(-1)"3+2]* -1
=[(-1)"4]*-1
=1*-1

= -1

ix) Minor of as3 = |(1) _22|

= 1*2 - (0*-2)
=2-0

=2

And its Cofactor = [(-1)*3+3]* 2
= [(1)"6]*-1
=1*-1

= -1

9 4 -8
Therefore Cofactor of A = 19 14 3
-4 -1 -1

4: Adjoint of a matrix

The adjoint of a matrix A is defined to be the transpose of matrix obtained from A by
replacing each entry by its cofactor

It is denoted by Adj A

Adj A = [A]AT
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If A=| a2 b2 c2

a3 b3 c3

And cofactors of entries: -

Al B1 (1
=\ A2 B2 C2

A3 B3 (3

Al A2 A3
AdjA= | B1 B2 B3

Cl1 C2 C3

1 -2 3
Exampleif A= (0 2 —1

-4 5 2

9 4 -8
Cofactor of A = ( 19 14 3 ) from above example
-4 -1 -1
And
9 19 -4
Adjoint of A= (4 14 -1
-8 3 -1
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5: Inverse of a matrix

Only for non — singular or invertible matrices
Inverse = AM-1 = ﬁ{ Adj A}

Example:

Solve by matrices (inverse method)

X+y+z=3
X+2y+3z=4
X+4y+9z2=6
Solution:
Matrix form,

1 1 1\ % 3
(1 2 3)(3/) <4>
14 9/ \z 6
Determinant = 1 |421 3 1|1 3 +1|1 421
=1(18-12) -1(9-3) +1(4-2)
=6-6+2
=2
Cofactor:
Firstrow =1 |i (?; 1|1 3 +1|} 42}
=1(18-12) -1(9-3) +1(4-2)

=1(6) -1(6) +1(2), the numbers in brackets are minors, minors multiply with
the sign belongs to the particular entry you get the cofactor
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Secondrow=1|i ézli é+3|1 éll

=1(9 -4) -1(9-1) +1(4-1)

=1(5) -1(8) +1(3), the numbers in brackets are minors, minors multiply with
the sign belongs to the particular entry you get the cofactor

=-5 8 -3

. _ 1 1 1 1 1 1
Th1rdrow-1|2 3|-4|1 3+9|1 5
=1(3-2)-1(3-1) +1(2-1)

=1(1)-1(2) +1(1), the numbers in brackets are minors, minors multiply with
the sign belongs to the particular entry you get the cofactor

=1 -2 1

6 —6 2
Therefore the Cofactors={ -5 8 — 3
1 —2 1

Adjoint of Matrix is obtained by Transposition whereby :

The first row of cofactor will be the first column of the Adjoint
The second row of cofactor will be the second column of the Adjoint

The third row of cofactor will be the third column of the Adjoint
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6 —5 1
Adjoint:C"T:(—6 8 —2>:

2 -3 1

AN = Adjoint
[A]
. 6 —51
=3 -6 8 -2
2 -3 1
Therefore,

oFGen 20y

. 18 —20+6
=5 —18+32—-12

6 —12 +6

Thereforex=2,y=1andz=0
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Question: Solve the following system of simultaneous equations by substitution
method;

y+2x=z+1

3X+2z2=8-5y

3z-1=x-2y

Solution:

y+2x=z+1 ... ®
3X+22=8-5Y .ccociiiinnn (i)
3Z-1=X=2Y.iiiiiiiiiinn, (i)
From (i), z=3y+2x—-1............ (iv)

Substitute (iv) into (ii) and (iii)
3x+2@3y+2x—-1)=8-5y
3X+6y+4x—-2-8+5y=0
7x+ 11y -10=0

X+ 1LYy =10 oo (V)

3By +2x—-1)—-1=x-2y
9y +6Xx—-3-1=x-2y
9y +6x—-3-1-x+2y=0
Yy +2y+6x—x—-4=0

1lly+5x =4
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Subtract (vi) from (v)
7X—-5x=10-4

2X =6, giving x =3

Substitute the value of x = 3 into (V)
7*3 + 11y = 10

21+11y =10

11y = 10 - 21

1ly=-11givingy =-1

Substitute the value of x and y into (i)
Jy+2x=z+1

3*-1+2*3=z+1

-3+6=z+1

Hence the valueof x=3,y=-landz=2
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SOLVING MATRIX BY USING CRAMMER’S METHOD(CRAMMER'’S RULE)
Example: Solve by Crammer’s method

X+y+z=3
X+2y+3z=4

X+4y+9z2=6

Determinant = 2 as before

311
4 2 3
—_leaol

~ determinant

= {3|421 3| 1|L6L g +1|L6L i|}/determinant=2
= (18 - 18 +4)/2

=2

14 3
16 9

determinant

|131

y=
={1|[6L g|-3|1 g+1|1 2|}/determinant=2

= (18- 18 +2)/2

=1
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12 4
146

~ determinant

‘113

={1|12L g| 1|i 2+31 i|}/determinant=2

= (-4 - 2 +6)/2

=0

Thereforex =2,y =1and z =0 as before
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Resources

Loyal Academy is the education platform for Q&A for school subjects from Primary
School to University.

Contact Information:

e Website: https://loyalacademy.co.tz
e E-mail: ndege66@gmail.com
e Social media:

Facebook: Loyal Academy Tanzania

e Phone number: 0754 565136
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